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12.1 Exponential Functions

Definition of the Exponential Function

The exponential function f with base b is defined by
f(x)=b* or y=b*
where b is a positive constant other than 1 and x is any real number.

Example 1: The exponential function f(x)= 13.49(0.967)X —1

describes the number of 0-rings expected to fail, f(x), when the
temperature is x°F. On the morning the Challenger was launched, the
temperature was 31°F, colder than any previous experience. Find
the number of 0-rings expected to fail at ﬂtepis temperature.
31°F= ¥ F BN 4. 7668 —|
fo fra 3.7668

flz )~ 13.99(0.35336)~| -

P § N | i B \
( i&)@ JIOA Egﬁ ,‘Mg@é@f@“” 2w L @ ¢ ém}k

Graphing Exponential Functions

Characteristics of Exponential Functions of the Form f(x) =b”

1. The domain of f(x) =b* consists of all real numbers. The range
consists of all positive real numbers.

2. The graphs of all exponential functions of the form f(x) =b* pass
through the point (0,1) because f(0) =b° = 1. The y-intercept is
(0,1).

3. The graph of f(x) =b* may be either strictly increasing or strictly

decreasing:
e Ifb>1, f(x)=b" has a graph that goes up to the right and is an

increasing function. The greater the value of b, the steeper the
increase.
o Ifb<1, f(x) =b”* has a graph that goes down to the right and is

a decreasing function. The smaller the value of b, the steeper
the decrease.
4. The graph of f(x) =b™ approaches, but does not cross, the x-axis.

The x-axis, or y = 0, is a horizontal asymptote.

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Example 2: Graph f(x) = 3"

1. The domain is all real numbers. The range is all positive real
numbers.

2. The y-intercept is (0,1).

3. Since b > 1, the graph is increasing.

4. y =0 is a horizontal asymptote

Table o»f Coordinates

2/3z

X f(x) (x, f(x))

—2 _q2_1_1 o1
f(-2)=3 == =3 2,9]

1 f-1)=3"=2 4 -] “‘;H

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Example 3: Graph f(x)-—_[%J

1. The domain is all real numbers. The range is all positive real
numbers.

2. The y-intercept is (0,1).

3. Since b < 1, the graph is decreasing.

4. y =0 is a horizontal asymptote

Table of Coordinates

X f(x) (x, f(x))

-2 1 2 1 -2,9
f(“‘2) = g = 3T2 =9 ( )

~1 1" 1 Ll 2)
f(—1)=(§ -=% -,3)

Hon @Qg;% \

poy =0 — =t

S 1': z 3

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer.



2

Example 4: Sketch the graph of f(x)=2* and g(x)=2"" on the
same coordinate axes. What is the relationship between the two

graphs?

I X 1 fex=

<2)
Le2y= 272

-1 (s e

e

| (:(H = 2“) s

BT

H‘ﬂ Yi:ifpm‘“g&%{ }( Y MW& .

-
—
pu
PR

el
Ho T mls

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate

Algebra for College Students by Robert Blitzer.



Example 5: Sketch the graph of f(x)=2" and g(x)=2" — 3 on the

X

same coordinate axes. What is the relationship between the two
graphs?

— 4 - W‘W”’MME
Ty =y (00 ) acx) =Y (% 40)
AR (’% X 2| gl2)= 27 3= k=275 (L E)
“lfenE (A, 3) =1 | gen= 232335 |G 725))
5 o= 1 Yo,1) o fi(@?’“z by |~ E <2 ‘@;«ﬂz;)
an - ) ~ iﬂ?

= 2-3= —|

)
- =

6%3{:1}:2? %: k(”g' ] X&é«léj\
- »
=7
2?1 2
’ pi%jm:"z " s
(f/\g ﬁg"t’c’/ f{m‘J i
gwsfs to ;
g0= 205
g =5
\/Hm%:% Al T S
A@'iﬁm[ﬁ'g"&@

Note: Portions of this document are excerpted from the textbook Infroductory and Intermediate
Algebra for College Students by Robert Blitzer
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In general, the graph of g(x)=b* + d is simply the graph of
f(x) =b* shifted d units up, if d > 0, or d units down, ifd < 0. The
horizontal asymptote of g(x)=b* + disy =d.

The graph of g(x)=b**° is simply the graph of f(x) =b* shifted ¢
units left, if c > 0, or ¢ units right, if c < 0. The horizontal
asymptote of g(x)=b*"* isy = 0.

Example 6: For each of the following pairs of functions, tell how the

graph of the second function can be obtained from the graph of the
first function. Give the equation of the horizontal asymptote

X‘fCQ ﬁgw ’tav'j%‘?‘é
a. f(x)=47", g(x)=4"% c= =3 sloft f6a Zumads
"“ﬂ?‘%M k"vﬁ) l/t'"‘\'ﬁ) wealce
tortsone | Asquwplsle 15 y=0 2) (%) =
X t+C oa%aw'x*&g .
2 % Hg}/m@'% {\1)(5 3 uwz"&&
't e [efd Tt walce

Hovi 2ol ﬁ%@egmz?@“&w s y=0 o) = X3
‘ P A T e
C. f(X)= 4%, g(x): 4% + 22 ‘)JT‘ pA 3 Sl fLa 2 il

\—\w}fzz@wi&f Aﬁ’««?%mr ic ;f.:«wz 9= ¢ 2

T ’ b}(+ d \)C"l"{h’&
d. f(x)=4%, g(x)=4"- 3 A=B bt Qo) 3onlts
sz vd f?c; wm o

Frovi zanterl M@Wg&z@% 'S V= % A LX) = ¢"-3
— A~ x+1 , - (=2
e. f(x)=4%, g(x ).,-«4.;ox+ﬂ¢” e | & d |

“ovizodal = SHITH Loa (it to He [0 &4
Botien" — Gt £ 2”"‘\‘~}S€£MW2‘?‘CT§I
Loniaed Fhnt e St s il
welde ?}{K}w Yy

Hov . a«am‘idzi }Asnwé@i? S \/.:: -7

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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The Natural Base e

An irrational number, symbolized by the letter e, appears as a base in
many applied exponential functions. This irrational number is
approximately equal to 2.72. The number e is called the natural

base, and the function f(x)=e* is called the natural exponential
function.

Example 7: The function f(x) =6e**"* describes world population,

f(x), in billions, x years after 2000 subject to a growth rate of 1.3%
annually. Use the function to find the world population in 2050.

W = Neavs ather o=
K= < P Z,O =Yo
=i d ‘@(S (}N} !

o0.013 (s0)
Ligo) = b e
Hso) = 6 e
Loy G- {i ‘
fsoyae |).49324
Hsox 1.5

T 2050, bee worlds gopulstion shaulol e aload” 1S b (o

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Compound Interest

Formulas for Compound Interest

After t years, the balance, A, in an account with principal P and
annual interest rate r (in decimal form) is given by the following
formulas:

nt
1. For n compoundings per year: A = P[1+ —;—J

2. For continuous compounding: A =Pe"

Example 8: Find the accumulated value of an investment of $5000 for
10 years at an interest rate of 6.5% if the money |s _2
a. compounded semiannually €— Sew~ ! Lamnually wreans =

- [ 4+ £yt ,
Q‘ §0§o>( + 20 & L@ oy

/1‘“-‘*‘*"’ Sovo (| +0.0335%°
A= 75000 (1,63257-°

}i

ﬁ’g %0(108955%23
a9 #9019

>>s=

b. compounded monthl &~ n= 1z

A ( )[9065" Ceiz)(io)
d,gao")( o ) 2o

/’rg/b’ima (l + o, 005 L//(oééé e)

Ao ¥ooo - (1. 0054 1 667)'*°

Aae 75000, (1,9208951:. )

Py ?5’;@% (1.91218¢5))

Ax P9¢c60,42

s

C. compounded congnuously
A= P ( £.065X (6)
A =L ?s’ma)e,
= mo o

A o 75,000 ((/ yssép€r90!. )
A Tooop. (1715508

Aa Wﬁ-ﬁ 0 Y
A"’\« M, §79. 70,

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Answers Section 12.1
Example 1: f(31) = 3.77. We would expect about 4 O-rings to fail.
Example 2: The domain is all real numbers. The range is all positive

real numbers. The y-intercept is (0,1). Since b > 1, the graph is
increasing. y = 0 is a horizontal asymptote

Example 3: The domain is all real numbers.The range is all positive
real numbers.The y-intercept is (0,1). Since b < 1, the graph is
decreasing. y = 0 is a horizontal asymptote

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.



Example 4: Note that the graph of y =2* (in purple) has been shifted
one unit to the left to obtain the graph of y =2 (in red)

Example 5: Note that the graph of y = 2 (in purple) has been shifted
three units to the down to obtain the graph of y =2* -3 (in red)

Example 6:
a. ¢ = =3, shift 3 units right. Equation of horizontal asymptote: y = 0.
b. ¢ = 3, shift 3 units left. Equation of horizontal asymptote: y = 0.
c. d =2, shift 2 units up. Equation of horizontal asymptote: y = 2.
d. d = -3, shift 3 units down. Equation of horizontal asymptote:
=-3.

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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e. ¢=1andd=-2, shift 1 unit left and 2 units down. Equation of
horizontal asymptote: y = -2.

Example 7: f(50) = 11.49. The world population in 2050 is projected
to be about 11.5 billion.

Example 8:
a. $9,479.19
b. $9,560.92
c. $9,577.70

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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12.2 Logarithmic Functions

The Definition of Logarithmic Functions
Forx>0andb>0,b=1

y = log, x is equivalent to b = x.
The function f(x) = log, x is the logarithmic function with base b.

Example 1: Write each equation in its equivalent exponential form.

a 4=log,x o 4= x
=

b. —1=log, x ' 2 =%

c. log,8=y ) 2% =

Example 2: Write each equation in its equivalent logarithmic form.

6 _ ' =
a. 2°=x | |09, () A
=4
b. b* =81 ) iatjbégﬂ
c. 29=128 loq, (128)= 4
) 2
Example 3: Evaluate each of the following. y
log, 100 | |ut v = log (166 ) |07 106
a. log,, y ety =log{ y g S
[0 = {0
y=2 g@%aéwm:i “~
e s
29 =5
et y=loa L) 257= 5 ;f) =
b. logys5 KLSZY“: <!/ Y= =,
! 3‘{9@% )= 'f’sﬁ
s 72/ 23
2y = | -

Note: Portions of this document are excerpted from the textbock /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
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Basic Logarithmic Properties

Logarithmic Properties Involving One

1. log,b=1 because 1 is the exponent to which b must be
raised to obtain b. (b'=b)

2. log,1=0 because 0 is the exponent to which b must be
raised to obtain 1. (b° =1)

Inverse Properties of Logarithms
Forb>0andb =1,

log, b =x The logarithm with base b of b raised to a
power equals that power.
b'°%* = x b raised to the logarithm with base b of a

number equals that number.

Example 4: Evaluate each of the following.

a. ‘log88 = f

b. log 1.5 = \
c. logs1l = &

d. log, 1

g. 7log7 8.3 e wﬁ

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate

Algebra for College Students by Robert Blitzer.



¥ L twy=zel o LT =) X @cm:: log,00= £ Poiat
FEETE f‘”;? 2, f_?? éma b 1G] : a)= 2 [h77)
i B st . x &Y 3 [g@)=legs)=-1 (3 )
0 | $oied =) (o,\> | 2 2 ATE S
%9 éha 3’3?1’: ?} (.\;%> V@wg T @U} = m(?g - b4 Gﬁ)}
2 | f-3"=4 (2 4) g PG lea; BI=T |3 1)
] . 2, !
Graphs of Logarithmic Functions ‘ 43) = Logs (9= 2 |(9,2)

The logarithmic function is the inverse of the exponentlal functlon with
the same base. Thus the logarithmic function reverses the
coordinates of the exponential function. The graph of the logarithmic
function is the reflection of the exponential function about the line

Y=X.

Characteristics of the Graphs of Logarithmic Functions of the Form
f(x) =log, x.
1. The x-interceptis 1. There is no y-intercept.

2. The y-axis is a vertical asymptote.
3. If b > 1, the function is increasing. If 0 < b < 1, the function is

decreasing.
4. The graph is smooth and continuous. It has no sharp corners or
gaps.
Example 5: Graph f(x) = 3" and g(x) =log, x on the same coordinate
system. Jetieel
Py iz o

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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| © -ﬁwi@}m %‘ift : (0, 1) i {,:{;‘} i fo)=l g4 ( 55« o (1,0
I EAOEIC) Cr5) | Ve L NOBINEYD)
= e (30 & (2. %) o TR I R TG 2)

Example6 Graph f(x) =log, x 1 @)= 1og,t &) ‘.

IR SR CEE)
\L\E\:’%’Q [v= Tyl Agx)w}u'b

Le w@ 0@
_x ﬁe‘éﬁ :aa%‘%m
~ }/ N
e
e
e
-
\ : Y Hor '%re'\:w' ( AS? Wgz@
’ = {10= g, &)

The Domain of a Logarithmic Function
In the expression y=log, X, x is the number produced when y is used

as an exponent with base b, b > 0. Since b is always positive, x must
also be positive. Thus the domain of the logarithmic function is x > 0,
or all positive real numbers.

In general:

domain of f(x)=log,(x+c) consists of all x for which x + ¢ > 0.
Example 7: Find the domain of the logarithmic function.
f(x)=logs(x-7)  Solse 1 X-F 70
=243 2 710
X 27

?}hﬁﬁég@%&”“ 5?{:{? - f{ﬁ § e}{;}?%
7,50

\’M"""'W\'v .

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.




Common Logarithms
The logarithmic function with base 10 is called the common
logarithmic function.

The function f(x) =log,, x is usually expressed simply as f(x) =logx.

Most calculators have a “log” key that can be used to perform
calculations with base-10 logarithms.

Logarithmic functions may be used to model some growth functions
that start with rapid growth and then level off.

Example 8: The percentage of adult height attained by a girl who is
x years old can be modeled by
f(x) = 62+ 35log(x—4)

where x represents the girl’s age (from 5 to 15) and f(x)
represents the percentage of adult height. What percentage of
adult height has a 10-year old girl attained?

Fov. A [0-yeur old %;véy; X= 10.
Tivd fpo):
41{0\ = b2+ 35;'{@9% C{w‘gwiﬂ
o)y = b1 +3¢ [@9 (6)
{uoy A 62 135 - [%738,,,.]
fuoy &2 b2+ 27723
-Q(\Cfl & g4, 23

A 0~yenrold gicl hao abland A €90 of
Lo adult jalit

Note: Portions of this document are excerpted from the textbook Infroductory and Intermediate
Algebra for College Students by Robert Blitzer.



Natural Logarithms
The logarithmic function with base e is called the natural logarithmic
function.

The function f(x) =log, x is usually expressed simply as f(x)=Inx.

Most calculators have an “In” key that can be used to perform
calculations with base-e logarithms.
Example 9: Find the domain of the function.

a. f(x)=In(x+3) Solwe x>0

~2 4+ x¥%25+0
X7% < o
. i 2
The Dowe'n of 09 = 1« | x>33 >
- (“%,0@)

Example 10: Simplify each expression.
a. Ine = |
b. Ine* =
c. eV =}

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.



Summary of Properties of Logarithms

General Common Natural
Properties Logarithms Logarithms
1. log, 1=0 log1=0 In1=0
2. log,b=1 log10 =1 Ine =1
3. log,b* =x log10* = x Ine* =x
4. blogbx =X 1ologx =X eInx =X

Yo MQ,S%“ Know Fhupe {5

s QWY WMV -

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Answers Section 12.2

Example 1: Example 2:
ax=2* a. log,x=6
b. x=3" b. log,81=4
c.2V=8 c.log,128 =y
Example 3:
a. log,,100=2
1 Example 4:
b. log,. 5:—2— a. 1
. b. 1
c. log,==-1 c.0
855 d. 0
1 e.5
g. 8.3
Example 5:
.l
i
3 WM'; 1 ' ‘ //z 3 p 5

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.



Example 6:

Example 7: {x| x >_7}/ or ( 7;963

Example 8: f(10) = 89.23 A 10-yr old girl has attained about 89% of
adult height.

Example 9: {x| x> -3} o+ (‘%/”VQB

Example 10:
a. 1
b. 4
c.7
d. 1.5x
e. 3x

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer.
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12.3 Properties of Logarithms

The Product Rule
Let b, M and N be positive real numbers with b = 1.
log, MN =log, M+log, N
The logarithm of a product is the sum of the logarithms of the factors.

Example 1. Use the product rule to expand each logarithmic
expression. Assume all variables and variable expressions represent
positive numbers

a. log,(7x) = ﬁg’%\) + log, (x)

b. log4(7x(x—2)) {mﬂGﬂ + w)éf(%) 4 OOM (x-2)

. log(10x) = logllo) + Eogmﬁ L+ logeo

The Quotient Rule

Let b, M and N be positive real numbers with b # 1. S ulc
g
logb%ﬂogb M-log, N "y
The logarithm of a quotient is the difference of the logarithms. ZAa
, 2L
Example 2: Use the quotient rule to expand each logarithmic g

expression. Assume all variables and variable expressions represent
positive numbers.

a.. 10922 = log,(8) mm% ) = w, \..:2, ) - m L0=3" log,c0

b, og1® = \oallo® )= log (5) w_w;?i;@w}
SN

Lo - lntef) = lalg =5

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer.



The Power Rule

23/%«3

Let b and M be positive real numbers with b # 1, and let p be any real
number.

log, M* =plog, M
The logarithm of a number with an exponent is the product of the
exponent and the logarithm of that number.

Example 3: Use the power rule to expand each logarithmic
expression. Assume all variables and variable expressions represent

positive numbers. " ‘
a log,x* = ©rlog, 00 = blog 00

b. log,(7x)"= L%>""ﬁ;l@qli?><\): Lﬂo%f?@

N ,‘*
c. loggVx = O%(\‘X \) Q%(K‘} zﬁa%ém ,

Expanding Logarithmic Expressions
Summary of Properties for Expanding Logarithmic Expressions

1. log, MN =log, M+log, N Product Rule
2. log, % =log,M—log, N Quotient Rule
3. log,M* =plog,M Power Rule

Expanding logarithmic expressions may require that you use more
than one property.

Example 4: Use logarithmic properties to expand each expression as
much as possible. Assume all variables and variable expressions
represent positive numbers. )
a. log,(2x*) = zo%@‘s + i&ﬁ,zéﬁ )

- | . . }

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.



15 = 1.5 ‘”‘% gaﬁ (x)
b. log 107 . W)U)lsd 0@ Gw N i B
" ‘5} a@ 10) — log (x*)
%i« ~ % log (1) k{%agbi»XEJ’%{?fjbg\/)

c. log, x*ify= lo b()ﬁ%)"?“ Oﬂwﬂ> /
= Y ioc) (<) + | o&) é)

- L’“O% ot m@ Cy) P= HQ%CX) {0”54@5”’}%1 )

i T

d. Iog42\/— = ’oow m @5\1’
%@% ci,x) - Eo%?@_ﬂ — R lo%é\:f)

Condensmg Logarithmic Expressions

To condense a logarithmic expression, we write a sum or difference

of two logarithmic expressions as a single logarithmic expression.

Use the properties of logarithms to do so.
Restatement of Properties of Logarithms:

1. log,M+log, N=1log, MN Product Rule
2. log,M-log, N= Iogb% Quotient Rule
3. plog,M=log, M" Power Rule

Example 5: Write as a single logarithm. Assume all variables and

variable expressions represent positive numbers.
a. log25+log4 = \@L}LZQ Y) = io@LEDQ) = Q%LO 3

b. log2x+log4 = \003@2" M) = }%ﬁgﬁ

c. log(x—1)+log(x-+4) = log [ (x-N(x+0) ]

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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| | .
d. 2logx—log4 = \OO) (X “'10@@”“ = LQ% {%Qf )

3 — |
e. 7log,5x—log,8 = \Om&%} EWE@@%{& lb%“( L & j

@@)%i}( } "% g@é} &
= M,Eif?é}“?“ @% 5
= log, (VX)) + log, (28

f. %Iog2 x+2log, 5y? =

3 |
% W?«i";g“’ﬁ/@

The Change-of-Base Property
For any logarithmic bases a and b, and any positive number M,

The logarithm of M with base b is equal to the logarithm of M with any
new base divided by the logarithm of b with that new base.

Since calculators generally have keys for only common or natural
logs, the change of base formula must be used to evaluate logarithms
with bases other than 10 or e.

If the new base, a, is chosen to be 10 or e, the change-of-base
formula becomes:

logM InM
log, M= —— log,M=—
%M = lagb or %M=1p

Example 6. Evaluate each Iogarithm Round your answer to the
nearest hundredth.
a. log,133 = log\\?3) o =, (755 29—

‘o () X 706

b. log,.23.5= 1% V‘(Z?’” @ —4.5545%.
n(05) ~ y, 55

$9) Q"%
¢ log, 458 = (15D 2 31194

\n (0) ”%‘%2

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.



Lop= \og, (1) Dowris of f=logo® 264

b,

Loxy= Lin (x-)
i w2

- %A»’a‘ﬁes‘f‘ eyt .. et
Example 7: Use the change-of-base formula and your graphing ngUA&J; (-:U?';oo
calculator to graph f(x) = log, (x—1). Indicate any vertical asymptotes !

with a dotted line.

Trye
B 'Ey i '
\/,@V"Fi ( b.{ %ﬁt{}m f??}}w
I ¥
104 ; ’
[
ol
? 6 SRR S
T
T {
4 g
-
T {
(
{
{

Example 8: Use your graphing calculator to graph f(x) = 2logx and

f(x)=logx?. Show the graphs on the grid below Explain why the
graphs are different, Yorti of Too=lea® 1s (-%0,0)0 o),

Dmrfm as Dowmkin eﬁ~ffx”§‘?~ 2;,{5;@@&@} Vs f%m} '
"C\}d%ﬂﬂ%@f) _EX&O\/“M-H{%}{ A’/‘QW > .
Solrel x ¢, i L) = M cx

1Df )!V( ééw}d’éfz\g e
rw—- ! P

o) L) = 2 log (x)

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Answers Section 12.3

Example 1:
a. log,7+log, x

b. log, 7 +log, x+log, (x-2)

c. 1+logx

Example 2:
a. 3-log, x

b. 2-log5
c.In8.7-5

Example 3:
a. 6log, x

b. 4log, (7x)

-
C. —2—Iogsx

Example 4:
a. 1+ 2log, x

1
b. 1.5——logx
> g
c. 4log, x+%|ogb y

d. %log4 x-log,25-3log, y

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer.



Example 5:
a.z2

b. log(8x)
c. log[(x —1)(x+4)]

52
d. log —

7
e. log, (5X)

f, |ogz(25y4&)

Example 6:
a. 7.06
b. -4.55
c.3.42

Example 7:

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer.
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Example 8:
The domain of f(x)=log, x* is the set of all real numbers except 0

but the domain of f(x) =2log, x is the {x/ x>0}.
f(x) =log, x*

.2.0|

.4

f(x) =2log, x

104+

I-?:SIII'-{U‘|"-I5l .2-01

AN

Note: Portions of this document are excerpted from the textbook /ntroductory and Intermediate
Algebra for College Students by Robert Blitzer.



12.4 Exponential and Logarithmic Equations

Exponential Equations

#e

An exponential equation is an equation containing a variable in an
exponent. We solve exponential equations in by one of the following
methods:

Method 1: Express both sides of the equation as a power of the same
base.

1. Rewrite each side as a power of the same base.

2. Equate the exponents. (If b =b", then M=N. Note: b > 0.)

3. Solve the resulting equation.

Method 2: Take the natural logarithm of both sides of the equataon
1. Isolate the exponential expression. ~
2. Take the natural logarithm on both sides of the equation.

3. Simplify using one of the following properties:

Inb*=xInb or Ine*=x
4. Solve for the variable.

-
) ]
Example 1: Solve each exponential equation. Give exact answers. 6
¥ oo Solutier et e .-y ,fg
a 24x+1 16 émﬂ&m‘ 3 ] S B s o Py Z ”'{:f :) 7
B - Pyeian
% H o =
Y1 =Y 2 =lb -
R D A DU ——
|+ % ! +4 9 ;% Sk
L{ x=75% b= lb e SR
5j§ "’:‘»’w_,,%_ TRUE N\
v 9 99
1 . r 2& 223 -
W&ML{}E\Q w%‘««f faéﬁ%fﬁl%“zfm g@é 15 i% 5' g?%:”:r %&f
b. 377 =81 | 3y
e o L
A =1 %"S“Ez |
?‘f‘}{"{ = (“(' i{ _
Lax-1 = |+Y %, =@
dx= 5 21 -9
K- 5 y
F=2 Towe
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= o St 6] 7
o\ 2 LY -| 2
Ql} =) 4* g 3
o 3-%_¢ N
2 =2 %3 - g
8?(”2: 3 %_,%1 - 8
2+ 8x -2= 25 2
g x=5 ki\f 4 }m 8
8x.5 [ 2)= ¢
€
=5 =€ Pwe !
. g TRUE! g oz
AR

5 4 o o, B
d. 92x+3 — 27 %f%jg . , I :;é  A——
L T [ s o
(?)) = 3 ‘;%&5 ST 1S géf).
Yrdlo _ o 1 =27
3 - 3 ~Z vl
C
- q = 2%+
Yeto= 2 , %
Cbryxte® 615 q =2
. ;
“r = < A aall ﬁlw iy ‘?
dx = T L | =¢
% gg 0 S 2”*‘“}*(‘
-2 %«g\ g4 T ’
T g 13:27
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Example 2: Solve each exponential equation. Give an exact answer,
and then use your calculator to approximate your answer to two
decimal places.

a. 10" =14 g & [JH61280350. .
ﬂﬂ UOX): 3%{,&%\} éff M\’l ’5 . The é{py?mx;i;f‘{
)(, ln({(f}: \m (E"{? ;,) dhﬂ«:i@ ! SQM } AA

NN B PLINT I AFTL-E
(H‘“ EW{W} / "{125'/"‘{{”,

_ wgsa y
0) AL LN !
b (1 ¥ EypcT iﬁﬁ%“ﬁ > % D 5’
b. 4e* =17
He* _ |F oy L94691898, .
S x | M5 Tis fNW,W
*_ 1T CX!»;;@ ) \ f:g) lhan ‘;;Mfi
T , (4
‘\ \ He / ng
N \
lne™) = n () ARGV oL
= \n (3 19,305 217
R “d Close 7
E ‘ "%
C. 152+3X = 122 V«Miy«;: é'[ M({';i} ijé z}ﬂ £ grp;a;:? ék.él
PP X = VN N Lo
e o & R e
Yoo A [=0,22607] TR
L2 42%) - nlls) = wiié«%,; K4 % o
S~ |
,CZJer)'(Vz( .>\) ( Zl; tg\%m—[)@g
' v (1 fﬁ} %m(?‘%‘f} »\.ZLE R
2r3x = ml2D) 15”%;?0@%11
n Vs tgzw&, %5{%522
—LELTh = ;g;gg T (22
b (IS
L 2x =(ln () ,2"__1,. Lo =122
S a9 B clogeV

,— nleyy 2 |
X = 2w (15) 3 o s v»/ZJ aﬁ
&\ Exo %@SM \{ J—— =, {igj
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loo \Omxl {Q/ s g“f =

v’»emb% F‘z)vfm/! S —
Logarithmic Equations
A logarithmic equation is an equation that contains a variable in a
logarithmic expression. To solve a logarithmic equation:
1. Collect all of the terms involving logarithms on one side of the
equation. Rewrite that logarithmic expression as a single logarithm
using the properties of logarithms.
2. Rewrite the equation in its equivalent exponential form.
3. Solve the resulting equation.
4. Check proposed solutions and exclude any that produce the
logarithm of a negative number or the logarithm of 0.

Example 3: Solve the given Iogarithmic equations. Give exact

[ 9
answers. ) .,?;
a. log,x=-4 j,»-«m -y | The S0 [ w%ﬂf éf 5
- Io 1(%\} —
21 oy ()
2= X 2)=Y
b= X Ye-
TVE,
59
b. log4(§+5):3 zM"; The sowhow gﬂwgﬁZ %

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
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c. log, (x+5)+log, x=2
\@%JQﬁS}%]sz
100}6(X1+5K\) =2

2

L, = X t5x
Zp= KESX
“36426= Bbt X 45X
0= xl‘%‘ Sx =20

OD=(x+Px-Y4)
€ thhan

§
Che ¥’
D - E f Q>“2
3\ et +< L A R
\@%‘ (t-4)+s) W}

Not Allgwed o uvee
ﬁé@%ﬂ@ﬁ ﬁ@%&%@k&f tA
3@%.;%% bt Tin

343

!A,/ f@l«"

e

| tharle!

) % ‘5&'
\@% i‘;{ 153 Hlog,

4)
5;9& i w}{@?g é

zmw

36)
@? k
1oy

&%5@ g
2=
TRVE

T
—
e
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Applications

Example 4. Use the formula R =6e'""*, where x is the blood alcohol
concentration and R, given as a percent, is the risk of having a car
accident to find the blood alcohol concentration that corresponds to a
50% risk of having a car accident. \ g <
AB02 Fel pFhnewineg 4 (e atc At weans, Hlak 1750,
Siae 0 s quew 0 6 percett, Find x whw RSO

R
| 2.7 7%
S0=06e¢
S0 - :z:L 50 % 62 12,4
6 o 5D X b éi
260 &12-77>< 50« L e (E? :}éé/'—})
ot 1237 S0% 526
Z=e clpse ¥V
o RS ——
n(Z2)=lnle )
\n 2;%3,« 2.1 x
25 2,77
MLz ) = %ﬂ%ﬁ
12, ’%? -
W& = A
%”Z‘% |
12026 % Y
‘VZ 7
oilbb
90{}‘ % >‘<

A vlood alcshol Lo civitraly o o O1F cowe S szf %
0 ’@7@2 rirl ot Aﬁuii\/&ﬂ 8 cxr oaceldent.
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Example 5. If A is the accumulated value of an investment P after t
years at r, the annual interest rate in decimal form and n, the number
of compounding periods per year, then

nt
A=P@+£]
n

Find the accumulated value of an account in which $10,000 was
invested for 10 years at 5% interest, compounded daily (360 times

per year). P: ﬁf() o000 L= ioxfxeavs , (=2 S% = 0.05 yN= 260
360)i0)}
OQJEK
?/0 m‘){)) [ -t agos

460D

/ﬁ) %%/ﬂe‘?uﬁ@ i/ -+ 0,0001%8 ggggfgg%«w
A %;Wm 10001285588y 5]*°

/4 N gf%@@@ s j.@@@@é@&ﬁﬁé@}
Ao 216,456, bf

| ~ + ol |
The accomd iled vm ot Has accomn Shonld e

s
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Example 6: If A is the accumulated value of an investment P after t
years at r, the annual interest rate in decimal form and with
continuous compounding, then

A =Pe"
Find the accumulated value of $10,000 invested at 5% interest,
compounded continuously for 10 years. , -
y yr:: =y '»“1*'050%” J ‘Jx;-”"’ fﬁyféyg

| P; WO!OUO ,
[to.05)(10)}
;4 = (g}, 0/5}‘@@“‘} @L
AP
A =710,000 ¢
A 590,000 - (1 (487212707

N :

T hee RECU WU i 5&{%@ ;:ﬁi U‘ N’M @fg‘”“” ¢ Gl ol
Shovtd oo FbugH,2 |
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Answers Section 124

Example 1:

{3

a {.3.}
4
Example 2:
a. {1.15}
b. {1.45}
c. {-0.08}
Example 3:

1
a. {Tg}
b. {59}
c. {4}

Example 4: 0.17, A blood alcohol content of .17 corresponds to a
50% risk of having a car accident.

Example 5: The accumulated value of an account in which $10,000
was invested for 10 years at 5% interest, compounded daily is
$16,486.64.

Example 6 The accumulated value of $10,000 invested at 5%
interest, compounded continuously for 10 years is $16,487.21.

Note: Portions of this document are excerpted from the textbook Introductory and Intermediate
Algebra for College Students by Robert Blitzer



12.5 Exponential Growth and Decay; Modeling Data

Exponential Growth and Decay Models

The mathematical model for exponential growth or decay is given
by f(t)= A", or A= Ae.

* If k >0 the function models the amount, or size, of a
growing entity. A is the original amount, or size, of the growing

entity at time t =0, A is the amount at time t and k is a constant
representing the growth rate.

* If k <0 the function models the amount, or size, of a
decaying entity. A, is the original amount, or size, of the decaying

entity at time t =0, A is the amount at time ¢ and k is a constant
representing the decay rate.

Increasing

Decreasing
Ag
> |

(a) Exponential growth (b) Exponential decay

Sometimes we need to use given data to determine k, the rate of
growth or decay. After we compute the value of k, we can use the

formula A= Aoek’, to make predictions.

Note: Portions of this document are excerpted from the textbook /Introductory and Intermediate
Algebra for College Students by Robert Blitzer
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Example 1: The graph below shows the U.S.population, in millions,
for five selected years from 1970 through 2007. In 1970, the U.S.
population was 203.3 million. By 2007, it had grown to 300.9 million.

U.S. Population, 1970-2007

Population (millions)

1970 1980
l« ¢

Sz‘\fe“(w
Akt 4
ﬁ’ Aot./5 ; k(g"-})
2004 = 2035%¢
7 q B
2004 _ 2033¢
2o &2 203%.%
, Bt
| 438
[ J‘.‘?) 941 l‘fl (Q
(n (1 o R

" —> ~ e

B}k)
0301 & 2R
0. A 17
=== T3

2T _
0.0106 X K

oy i
. .06 /6% S a,0i0bt
\—F@;)*:. 202,33 ¢

a. Find an exponential
growth function that models
the data for 1970 through
2007. '

L

b. By which year will the U.S.
population reach 315 million?

]9 3] ¥, N P
1990 2000 2007 <4 ‘V‘Q (’of . :
Year

Hh)  fem=2 05 il fas
C Fe o000t

‘3‘5":: Zc)grg (&
o0.0\0bt
(S _

203%3.% e

2033 2033
LSL{C]% - éoxaiOQt
(1548 |n (>0FF)
0.437F4 0.0106C
0;"@:”61 ” O‘O(Oé’t
Y3 X+t .
Sine =0 14 (470, we Lnd
ot W«% CO((QSG‘.M’\[ES ’(Lo %0” "

Tu 20((, we &x et the AS. /’aﬂu(z‘w‘m
10 o arswed A5 mill e
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Example 2: In 1990, the populatlon of Arrzco:a was 643 million and by

2006 it had grown to 906 million. ‘v 2006
. (-\(lb) 406 we'uv'of\kz't'

a. Use the exponential growth model A = Aoe in which'is the

number of years after 1990, to find the exponential growth function
that models the data. 'i( 0 T 12490

(o‘l; V\Al\llQV\
b. By which year will Afrlca S populatlon reach 2000 million, or two
billion? o.on 4t
C@\ _ &kt TZ}: Aa : S
i —flo (16) ' o Zaa 0,024t
o e=ete ) g000= 43¢ oIt
S " a\(a“" ZC)QC;) Y ‘
06 - e e o
& /o] g
A O T
40K e blloy x o
| N K 2|4t
[n(L4eD A (") | 1 (10D L (o)
[M(I(Q_Oq\) > |bK f {BHH (L Ok:*umg{“f
%412_2 “’lbf 1248 & 0.0214¢
BT K
0. - “Q(!,“g | 124 maMWi
0.02M & K 0.02M ™ 5, 0214
Q4
2. 7 O K I b 3 OM T ‘t S UR——
R — /‘\ fn 2, o f) ) @w"c‘& Q“‘V\OW A ‘Aév‘é’ ‘,
‘ ; 1
Grom ¥ 4 |4 e jjﬁf‘ ot 2 billion, |
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Our next example involves exponential decay and its use in determining the age
of fossils and artifacts. The method is based on considering the percentage of
carbon-14remaining in the fossil or artifact. Carbon-14 decays exponentially with
a half-life of approximately 5715 years. The half-life of a substance is the time
required for half of a given sample to disintegrate. Thus, after 5715 years a given
amount of carbon-14 will have decayed to half the original amount. Carbon
dating is useful for artifacts or fossils up to 80,000 years old. Older objects do not
have enough carbon-14 left to determine age accurately.

Example 3: a. Use the fact that after 5715 years a given amount of
carbon-14 will have decayed to half the original amount to find the
exponential decay model for carbon-14. = —zf

b. In 1947, earthenware jars containing what are known as the Dead
Sea Scrolls were found by an Arab Bedouin herdsman. Analysis
indicated that the scroll wrappings contained 76% of their original
carbon-14. Estimate the age of the Dead Sea Scrolls. A o cj,,?(,;ﬁ-a

g()\de ~((ﬁ(‘ k \< Yo ] i
oy e k (5 #s) A — 0,000 L2I3E,
) A _ Ao 0764, = A, € )
& ; (s 76) 204 —0.00012-13T
| At e T 0.6k A e T
A, T T A ( A,
_l _ tl5:~7fsl< 0. 76 e:o ooa[Z(g—t
~0.000({2i%€
4(‘) nle®"™) ln @79 = (%)
[n(£)= 5 765K ln (0,76) = ~0,0001213C
‘ S - (3
)= 5 ln (076) = —0-X0IZIZE
o (8) S Faseiss  0,000143
ws = i (016) = ¢
' "“04 000 (Ll 3
%@%3_/5_,/% ~ 0.23444 T
. —————
~0,000]213%K ®.800 :1"7 vy
—0,01213%%K _ 9\7&%% e .
~0,0001213T The DQM Soc Screll s 5[/\0#\(4

A€

Abouct 7\/7_(9-2 \o_u-\f:, DM,
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90 to decay to a level of 10 grams. ~ 0,024 8t
. Kt b. 4= A » €
i v~"--@“ {M\ Qak”’(?g > ~0 P2 gt Sely
?@\;e\r 1 /\@ - f{:)w e 6 = 60 e &
k> 2- -0, 024\%L
B o e 10, Goe
1A A CT:
- . ~0.0L4Et
Ao by A&
| = 2% K b . ; ~0.0 ‘é@i)
e 291¢.) W (%) = \nle
AN = B \ = —g4,024EL
In () e Il = =602 §
5\ ) e ol
Inl}) = 28K 1391 X -0,0248t
-0.693) R 28K 1419 o —p.02uEL
/-——-——;‘—:—"~T: 4 TR S -
—~0.693| de BRI —0.0™E 0.0
—> e 28 ae
ci%‘ e :K}}'},% /r:]b»”'t
~0,024% & K . ~
2.4 8'%‘ o i < gﬁer F i.,;;)i Wz& rs, {’;f} Gipews *PS* ol iom QO
— L6k i

Example 4: Strontium-90 is a waste product from nuclear reactors.
As a consequence of fallout from atmospheric nuclear tests, we all
have a measurable amount of strontium-90 in o%r bines.

presy

¢

(=4
a. Use the fact that after 28 years a given amount of strontium-90 will

have decayed to half the original.amount to find the exponential

{

decay model for strontium-90. A, = o7 ¢y “él amont o wive WTion=40

b. Suppose that a nuclear accident occurs and releases 60 grams of

strontium-90 into the atmosphere. How long will it take for strontium-

o (eh [

?4-;,

%

{
{

B R
De ey '
Cv ongt al .«f
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13.1 The Circle and Its Graph
MATH 64

Recall all Graphing we have covered:

A X ~HD\(::C.,

a) Linear Equations

b) Quadratic Equations %Xl Hox +C =0

s
c) Exponential Equations Y =Y

d) Logarifhmic Equations \' - \90\ .QUQ

Pre-Requisite Knowledge:

1. You need to recall how to complete the square

&L(o)]l x“+ 6 X
= (%)L xl—‘-‘éx 4“0[: Cx'f'g)z'

2. You need to recall how to find the distance between two points in the coordinate plane.

point B is ( _*= ,_N2), then

The Distance Formula is a formula used for computing the distance "d" between two points
in a coordinate plane. If one point A is designated with coordinates (%1, y;) and the second

distance "d" = AB= LXL‘X,\L + (_\(2__.\{\)1

Always leave in simplified radical form - no decimals.

Ex.1 Find the distance between
the point (-4, —33 and (2, 5).
Qj' /‘Y! {\XL:‘LE_}

d= J&L-x‘)j t .C\/,Z"Vliz’ -
A=~ DO~ ¢ L
&,t\r&)\ﬂl)’t *E‘Lg)z r"ﬁ_‘

dz\f‘[@z {w(@”’“ 3}\5

oL={3b +3‘ E

A=13 e gﬁifﬁ 1323
- \

Ex. 2 Find the distance between
the point (3, -8) and (-4, 6).
By Y Y gpmle
S SAda

& = [y~ (9)°rTe8) ~(6)]" | 24S
A= [EHT + (-9 AP

A= (U T 146 g

SRS H7
2\12 'Lf,%z,ﬁ 2yS= 3¢

A=




Definition: A circle is the set of all
a¥ixed

points in a plane that are equidistant from
point, called the center. The fixed distance from the

circle's center to any point on the circle is called the CarAtu s .
A compass is usually used to draw a circle (or an__ AT C )

To find the Equation of a Circle

Step 1. Draw a circle in the rectangular coordinate system below.
Step 2. Label the center of the circle (h k).

Step 3. Let (x, ) represent the coordinates of any point on the circle.

Step 4. What does the geometric definition (above) tell us about a point (x, y) on the circle?

1& Ay ﬁwe lo«zj‘mee,w bMe cevtar! hfkﬁgﬁé P 55:

Step 5. Use the distance formula to express the idea from step 4 algebraically.

A = (x =% )" H‘ir?’ ) LX) =hK)
e 4\x-m © (kY (X3 = (X )
= WO rey-x2 I? c=
QZ%‘ f’)) + ¢ 7..& m‘%




(X=-h)"

@ Write the standard form of the equation
of a circle with center (0, 0) and radi

of 2. Graph the circle. L\Q/\ ) K00 )
, .

(¢ =W+ Ly k)2
f_‘;(»(o)}lf'[% ~coyy{3}
X+ yt =4

=2

‘
by
N,

® Find the center and radius of the circle whose
equationis (x—2)* +(y+4)? =

Graph the circle. W= 2 , \4 '-‘—"4
Cactor U\,Y) = (174) rt= ‘9‘
r=23
| =1
( ~) W
FWW 4 WIp |
S s )
I A

Sevcmei

The Standard Form of the Equa‘rlon of a Circle with center (4, k) and r'adlus r.

t(y - kY =

"L

@ Write the standard form of the equation

of a circle with center (-2, 3) and radius
of 4. Graph the c1rcle (h, )= ( < 5)

(R-MFH Y-k = =t

G -1 +1y —zs)Jl—eu

(M2 -3d*= 16

L,'),,? )
-+ YT A
(&3 . 23
\\. =
g
Wwidll
\&
@ Find the center and radius of the circle whose
equation is x* +(y—3)? = 8.
Graph the circle. W =0 y K”é‘ g
C.ewﬁ/r " re=
“h)=(02) = {F.
- C={4vz
Alo32r) T2
7 {HW
(—213\ 3 ('u"z,%)
Y, n
< O, 52 )




.. 2
=t Y= = v
©® Write in standard form and graph: x> + »* +4x-6y—-23=0.
(KZaux) 4L RS e’@«j) -23 +23=0+23

OCegn w4]) +(y2-69 +a) =23+4 +4
E(‘ﬂ] =C2)7";<( {‘% {16))” %’ﬁ?’: q
(X +2DE +( Y -2y~ = 36

(hk)=(-2,3)
r*=26
=6

® Write in standard form and graph: x* + y® +12x+32 = 0. té 2
OfHi2x ) tyt ) $32 322032 d
(Ftax+36) + 4> =-32 +3¢ SEumEs
2. 2 6) Q'x- g VY
Lo} = (6323 &0 o 4..-/.
- 2
X+6)" ty =" AN
() =(-6,0)
=y
r=2
@ Find the equation of the circle graphed below. Graph the parabola: y =x” on the graph in problem

Your answer should’?"e in standard form‘." 2
S Rl i

I ~ T Gy - 0122 (3
(rt2 34+ (V) =9

%

®@. At what two points do the graphs intersect?




Systems of Non-Linear Equations Name
Date

Recall SOME of the Equations we have covered:

a) Equations of Lines b) Equations of Parabolas c) Equations of Circles -
yEme o YEoud o ¢ \x-h ey -et=et
oxthy=C

There are many other non-linear equations, such as an ellipse, hyperbola, sine, cosine,
logistic, limacons, to hame a few. For those of you continuing on in Mathematics there
is so much to look forward to!

To be a SOLUTION TO A SYSTEM OF LINEAR EQUATIONS < must work in BOTH !

Ex 1. Is (-2, 3) a solution to the system ?@ Ex. 2. Is (-1, 7) a solution to the system? Yes
or No? 0?
x +2y=4 3x+2y=11
2x+y=-1 x +5y=36
Lhaglt) (4, theele) (=\,3)

(<) +B(#)=36

~2)% 203)=¢ | 2D )= - e
C2x 3Erzep=n | DT

’.z +6 sy "“-@ 32 ==}

e

=Y - ==} -3 flq';” -
r?;w% Teyg! "=, o Y
, - TovE] Falee }
PREREQUISITE KNOWLEDGE:
Revisiting: Ex 1.  Graph and find the solution to : x +2y=4 ' *.r
¥*27=4 27( + :'\ 2x+y=_] ?‘;M);Q-GIM*W oV
-X X .\»’L\/ ==X A+Y | -2x A Y =<2 % +¢=t) \ ,) " e
2y=mxctd [ yEe— Sl
g _ =T ==k 7
"z\f';f/ >4 () ooy ) \l/
AL YR 2
== | ! A
" JZ trtelc ' E‘?' B ) 2 (.—2)+€’§}z" | < L A
b=2 | () $2(0=Y4 | 278 L 47
-2t o=Y -y 3=
=Y - =
R TeuEel ,___
THE: 2)3 \,Zx*‘f' l
“The 5OWHLV\ set i's fi (-2, .



SOLVING A SYSTEM OF EQUATIONS
USING ELIMINATION AND SUBSTITUTION

SINCE GRAPHING A SYSTEM ONLY SHOWS LOCATION, CAN WE JUST SKIP
THE GRAPHING AND USE ALGEBRA TO FIND THE POINT (if there is one) OF

INTERSECTION?
THREE 1. Youwant EACH equation to be in standard form.
¥ YES EASY 2. You want to eliminate either the x or they term or SUB
STEPS 3. Solve and then find the point you need (substitute. . .AND CHECK)
| Revisiting: Ex 1. x+2y=4 —> -—’l.‘(x*z‘l)‘—"z'q , +n'2)< —HY :ij
2+ y=-1 Tixt+y = .
~2(2xty) = —2.(-\3 cheslet ¢-2,2) | - %y ==-4
-YHx -2y = t-2) $2(3) =4 3Y |
+ &*2\554 -2 b b=y -ﬂ:%'ﬁ"_g
& o =Y, Tour! o i
'3x - d *w%‘\, 1 - 2
axsb | 2B ‘Tk sduben | Y= 2
- =7 -\ 2=/ (s g
= ') "Mj
x=-2 gl (-1,3)5 -

A SOLUTION TO A SYSTEM OF NON-LINEAR EQUATIONS < must work in BOTH!

Recall this problem from our last set of notes

@ Find the equation of the circle graphed below.

® Graph the parabola: y = x* on the graph in problem

&ranswer should be sta ard {o ©. At what two pomts do the éraphs intersect?
cew = (7% <
(X- \n’—+ Ly*t‘ﬁ r* ¢M4b (- w)
£23 ] TUE € eantyen »1
= Bk - 204 2 +(q) -—']
Y (AN)] g =4 A mq
N TRUET, w.w:, ,\
Tt TSI {Uﬁ}kﬁ" Ta)-j*=§
L) =+ (3) *ﬁam%
D(-ezﬁi (y- V=) Tlv.;E"f TavEl
o HY"') ”c’ The ¢ oA /: fcw) (n)ﬁ}




13.5 Systems of
Non-Linear Equations

A system of two non-linear equations in two variables, also called a nonlinear system, contains

at least one equation that canno
either elimination or $v sttt

x* =2y +10
Ex. 1 y
3X-y=9

Use 3?&'\/ =4 ~C¢a~f sg‘:ﬂ‘&h’%wh;m »

Y +3x ~7<=\/1-q
43 =Y T4~

2x-a=y
=2y + 10
¥t 2(2x-4) Y10
xm,._ e =\ 10
Eb&%)‘#)&li bx =8 t(6xt8) 7
Xe-br+8 =0 2
Q(_;; 2)x-4) =0
€ ';hifﬁz:otw ®Y=0
w=2 00 XY
(x=2)+(y+3)’ =4

Ex. 2
x—y=3

WS X-y=3 D skshhbon .

K=Y vy= y+3
X = y+3
(%= ¥ (4 12)* = 4
[(y+D-235+ (Lg*-?)z;“i
(Y -+ Fey+t= Y
Cy+Dly + 0 HY 342y =Y
yE+2y Ly ey +4 =4
o o =4
27:47':5;/ :(DD-—‘( [i ¢4

N 2y 4y -Ho;.:)-E
(29*+ @y +6)= 50
P M’ N,
\)L“H-lz +3 "—?)O —_72"2]
+)yr1)=0
C‘/ E"?H«?&

y=3 o y=-i

be expressed as Ax + By = C. We solve systems by using
0w

he solwhion seb i § (2:3),(4,3) %,

Fiedy! chede) (272)
" 3,\6‘4;\/ 3Ix~4= (Z)‘Lf« 2(-» t10
K;Z X"“q ({"" -6 %40 ;
34y | w4y | tT ¢ revel
6-a=y [\2-4=y| &A-3)=9
-3 g\{ 2= \/ 6 +3-4
(z,3) 14,3) 1 "?,\‘\auelh

\ .
Cheele, (4,2)
P g

Lq)?":) 2(?)'* 10
1b= 6+10
l6 -t TRyel

The salu{‘\’au &* is |

3(4)—(3) =9
(2 -2 =4
4=4, Tpue

e ﬁ\t\ea\éf (02) [
L©12] v CE2)r 2o ¢
t2)t o)t Y
4 +0 =4
Y=, TeuEl

o) -(-3)-3
3 =3, Tpuel

i't Cheele! “271)

[cz)né}%C(-l);Bj”’: Y
(o)t (2)7=4
%mku&‘, t
(z) =(-=3 ig
2 =32
273 TRuE! /

R




Ex 3. How many possible solutions could there be for the intersection
of a parabola and a circle? )

Ex 4. How many possible solutions could there be for the intersection

of a parabola and a line?

Ex 5. How many possible solutions could there be for the intersection

of two parabolas?

Ex 6. Solve The followmg system of equations:
Use. Y ==X b2k Y Lo

Sebs e w .
N= xlh'-}x o)

VA WO S IVENP AL VT
LN
=2 X b 1Y A ER e =Y 2 X k=10 R LY

0= 20~ 2x =24

L. 074 (a-2x-24)
- x”-’ x | %

0=(x =1)(Xx+3)
E he

:,n~
(N

2.
'y

X-% =0, oY XKt3=0O

X= ¢ of x=-3
j“':”‘*:"“\‘" 2x 11 \ y=- ()" -2+
[t Y= tb 1Y
y =gt Y= S
y=-16 ~% A M Y=
[t X))

\"} ;39)

y=—x"-2x+14
y=x"—4x-10

seheek!, (4 r0)
T —————

- = —Kz""ﬁ%”‘“‘

o= ~(4)*=2(4) 14

=10 2 =8 414

=10 &~ {414

(0 = 10 TRy |
=)0 # (" =H(y) ~10
~10=16 -6 (0
=10 =10, yayel,

hy ck&ek’

("5\))

n»-(mij 2(=3) +1y
4 t6 t+1¢

H'& “3 +1y

A T2

e (~3) =~((-5)-fo

H= 4 Y12 -p

it=21-1)
W\ = N) 'T?\Qﬁ’

\ The solntiin st '

i (q—w) (-3 ”3%‘

BN 2 iy
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Ex 7. Solve the following system of equations: ;2i§=_44 -1 (Y Lox) =ty
xFHyt=¢ —4rex ==Y
4 ol -
mtxe—y s 02) | O ¥ (622)
Ly — T — .
KT X =0 N Il
X (xt+)=O 1% Yredl MY e
€ then _ (27~ ‘Q = - (o)=Y
KZ0 o 120 T | ] ,
Find "% v 1 ys Aokl (-1,V3)  ehee K:::ME‘SW
- x = 1 ENT =Y D ey
X =0 ey | +3=¢% b 3=y
e (o) ®Y ~(-)= I P “=Y,
9 1,; bl\j’*H'—“— Y% )T’Mk";\ Thuel
(1 L,l"-‘«—t-( =4~ o e
ﬂzﬁ)"v\l‘g.\m \,lL:- 3
Y=oy = f3evy=3
(02) & (0:2) (4 3) & (-1,-%)
Ex 8. Solve the \following system of equations: (42 +y=4
) ?a\uk u[f)ha E\‘\w‘on,c)ﬁ’ow,' 2x+y=1 SN ~| (2)( ,(_,j) 2 e t
£ Xihy=d Sexmy =
- -\ ":”‘ y
=y thee) (275) checley (=13)
s —_ =
X T=2% -2 (3)?5»{)“’% ("02“‘(3):‘1
xE:2x~3=23-3 11 =4, T ' 3:L( l
xr—2x~3=0 2 (5 (e | TN T
(x= 3)x+r)=0 e 2V 43 = |
f"‘H‘\er b= [ ""?«""g?”l
X~3 =0, ov xti=o ITE\AE, T;\ ' T’ZREN'
X=2 00 XZ-\ bidal

rr—.

Find ys

x=2 2 (3)+4 =\
b +«j:—\

—6tb ty=-61]
YRl

(375)

z xty=|\
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Ex 9. Solve the following system of equations:

{x2+(y—2)2 =4
Py
v Y

w

X =2y=

=g 4 Zi;j = O

& —2)1*—141 =Y
M\im»}—z,wze;: Y
y-dy ey =Y
-2y =
Y2y HY—Y= Y-
, whu,, -0
u)»(,ﬂ -2)=0

Erfher _
LI-;O R 0¥ V\‘"?"WO.

ng'zm

SR

Fé “d X\ —~

RS

x'L-'Zu) =0 |

chacks ¢ 6,0) /\
(e3*+ Ceoy-2142Yy
O 4+ C-27t=y
4=Y, reved
(6Y=2(0) = 0o
- 0-0=0
0=0 ,TRuE\

2 )L.\.. EO.) - 2—‘37‘# q
q ter=Y
' Y =", ']‘?J.)’E1
Y4-y=0 .
929, rpuel

chedey (-2, 2)
% ()35
Yy + (0)="
=Y el
-0~ 2()=0
¥-~y=0
0=0  TiVEY,
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